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ABSTRACT 
The dynamic properties of membranes have been object of many researches since they 
can be used as sensor heads in different devices. Some methods have been proposed to 
solve the problem of determining the resonance frequencies and their dependence on the 
stress caused by forces applied on the membrane surface. The problem of the vibrating 
rectangular membrane under a stress caused by a uniform in-plane force is well known. 
However, the resonance frequency behaviour when the force is out-of-plane instead of 
in-plane, is not so well understood and documented. A gradiometer which uses a silicon 
square membrane with a magnet fixed on it as a sensor head has been developed in a 
previous work. This device reports a quadratic dependence of the frequency on the out-
of-plane magnetic force. In this work, simulations to obtain the dependence of the 
frequency of the fundamental flexural mode on the stress have been performed. It has 
been studied the influence of in-plane and out-of-plane forces applied to the membrane. 
As expected, a square root dependence has been found for in-plane forces. Nevertheless, 
the problem is more complex when out-of plane forces are considered. Out-of-plane 
forces gives rise to an initial quadratic dependence which turns into a square root 
dependence from a certain stress value. The quadratic range increases and the rate of 
change of the frequency decreases as the surface of the magnet fixed on the membrane 
increases.  The study has addressed these problems and both, experimental and 
simulated results have been compared and a good agreement between experimental and 
simulated results has been found. 
 
PACS: 46.70.Hg, 46.15.-x, 46.40.Ff. 
KEYWORDS: Silicon, resonance frequency, finite element method, magnetic field 
gradiometer. 
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INTRODUCTION 
 
The dynamic properties of membranes have been extensively studied since they can be 
used as a component in different sensors and devices such as pressure microsensors, 
where membranes are combined with actuators based on PZT (Pb(Zr,Ti)O3) thin films 
piezoelectrics in the perovskite phase [1], stress magnetoelastic sensors with 
applications for remote environmental monitoring [2,3] and, as it has been demonstrated 
recently, even magnetic force sensors or gradiometers [4]. The dependence of its 
resonance frequencies on the stress has been extensively studied and simulated [5,6] and 
several methods have been proposed to solve the problem of determining the natural 
frequencies and mode shapes of membranes [7]. If the problem is focused on the 
rectangular membrane vibration, the bibliography reports a square root dependence of 
the resonance frequency ωnm on the in-plane stress [8,9]: 
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where T is the stress, ρ is the density of the material of the membrane, a and b are the 
lateral membrane dimensions and m and n are natural numbers. It is important to remark 
that this dependence, which for values of small enough stress, tends to a linear 
dependence, is valid for a stress caused by a uniform in-plane force per unit area applied 
along the membrane four sides. Both, the square root and the linear dependence have 
been confirmed experimentally [1-3]. However, the dependence of the frequency on an 
applied out-of-plane force still remains unreported. Since a great number of devices 
bases its detection on the vibration of a silicon membrane under the effect of different 
applied forces, this dependence has become important to be studied, reported and well 
understood.  The membrane vibration turns complicated when the thickness is reduced, 
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the geometry modified and/or the stresses are not applied in the in-plane direction, 
giving different and complex dependences [10]. In spite of its difficulty, some works 
have treated the problem of membranes with arbitrary interfaces, studying the change of 
the resonance frequency of these systems [11], although the evolution of this change 
depending on the stress or the applied force is not considered. 
 
In a recent work, the experimental dependence of the resonance frequency on the stress 
caused by an out-of-plane force has been reported [4]. In that device, a silicon 
membrane with a fixed magnet centred on its surface vibrates as a sensor head of a 
gradiometer. An alternating magnetic field gradient is generated in order to get the 
resonance of the sensor head. As a result, in this device the resonance frequency of the 
sensor head changes showing a quadratic dependence when a DC external magnetic 
field gradient is applied.  
 
In this device, as in the rest of the devices which base its detection in a membrane 
vibration, the understanding of the frequency dependence on the stress caused by the 
applied force on the membrane surface, is fundamental in order to control the device 
response. In this report, the resonance frequency behaviour when the membrane is 
stressed due to a force applied not in the in-plane direction but in the out-of-plane one 
has been investigated. Numerical simulations by the Finite Element Method (FEM) 
have been carried out applying a force F on the surface of a solid cylinder which models 
the magnet used in the gradiometer. Different simulations have been performed using 
different membrane geometries. Depending on the surface of the solid cylinder used to 
perform the simulation, the area where the force is applied will be changed.  
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Besides, the theoretical results obtained by ANSYS simulations have been compared 
with the experimental measurements of the resonance frequency depending on the 
magnetic force applied to the device.  
 
EXPERIMENTAL 
The vibration of 5 mm x 5 mm square silicon (100) membranes with 16 µm thickness, 
both bare and with a solid cylinder fixed at the centre on its surface, has been studied. 
The solid cylinder fixed on the membrane consists of a SmCo magnet and it has been 
simulated with different diameter values using the Finite Element Method carried out by 
ANSYS.  The density, Young modulus and Poisson coefficient values used for the 
silicon membrane and the SmCo solid cylinder are shown in table 1. The ANSYS 
elements used for the boundary conditions of the membrane and the solid cylinder are 
2D (SHELL93) and 3D (SOLID95) respectively. Both element types allow anisotropic 
elastic properties. 2D instead of 3D elements have been chosen to model the membrane 
due to its high aspect ratio since 3D elements would introduce a large amount of 
elements. 
 
The set-up of the gradiometer used to obtain the experimental measurements is depicted 
in Figure 1. The sensor consists of a cylindrical permanent SmCo magnet attached to a 
square Si (100) membrane with a tiny drop of epoxy. After pressing the magnet to the 
membrane surface, the epoxy will cover the whole bottom area of the magnet. The chip 
shows two parts: the frame (12 mm x 12 mm and 525 µm thick), and the membrane (5 
mm x 5 mm and 16 µm thick). The frame is thicker in order to fix the membrane to a 
holder without breaking it. The commercial magnets used are SmCo of 1.5 mm height 
and 3 mm of diameter and they show a strong out-of-plane remanent magnetisation of 
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0.8 T, what means a magnetic moment in this direction of 6.75 10-3 Am2. The magnet 
fits, centred on the membrane, without touching the frame. Four coils create an 
alternating magnetic force on the magnet that excites the sensor head at the resonance 
frequency. When an external magnetic field gradient is applied or a magnetic specimen 
is approached to the device, the membrane is stressed and therefore the resonance 
frequency of the system changes (see Figure 2). The variation of the magnet position is 
then measured by an optoelectronic method. A coil is considered for calibration of the 
sensor. It is important to remark that the size of the magnet has been chosen taking into 
account the fact that the larger the magnetization the higher the magnetic alternating 
force which forces the membrane to vibrate and, in principle, the lower the magnetic 
moment that can be easily detected. 
 
Figure 3 shows the simulated static (left) and fundamental flexural mode (right) of a 
square membrane (top) and a square membrane with a centred fixed cylinder (bottom). 
The simulations consist in a stressed membrane vibrating so that the resonance 
frequency can be calculated. Considering the actual device (see Figure 1) where the 
membrane is vibrating, the membrane is simulated using the clamped boundary 
conditions. The mechanical properties in the direction of the three axis of the membrane 
are the mechanical properties of the Si [110] and [001] crystallographic directions for 
the axis of the plane XY and the z-axis respectively. Since in the direction of the edges 
of the membrane the mechanical properties are the same, no anisotropy effect must be 
taken into account in this plane. The bare membrane simulations have been carried out 
using an in-plane force while those of the membrane with a fixed cylinder were 
simulated under the effect of an out-of-plane force. From these simulations the 
resonance frequency dependence on the applied force has been obtained. Only the 
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frequency of the fundamental flexural mode has been considered. Three different 
models, as shown in table 2, have been used to simulate the vibration of the membrane. 
One of the geometries consists in a punctual force applied just in the centre of the 
membrane while vibrating. The two remaining geometries depend on the solid cylinder 
diameters (d) and heights (h). The solid cylinder diameters used are 1.5 mm and 3 mm 
and the heights 0.75 mm and 1.5 mm respectively. The 3 mm diameter and 1.5 mm 
height solid cylinder has the same dimensions as the magnet used to perform the 
experimental measurements. This last volume value was simulated to compare the 
experimental results. 
 
RESULTS AND DISCUSSION 
 
First the vibration of a bare clamped membrane under an in-plane uniform force per unit 
area, exerted on its four sides as shown in Figure 4, was simulated to be sure that we 
obtain the in-plane force frequency dependence on the stress caused by a uniform in-
plane force, which for a rectangular membrane is described by (1).  The dependence of 
the resonance frequency on the stress in this case is shown in Figure 5 (a). This curve 
fits, as expected, to a square root function. Besides, as it can be seen from Figure 5 (b) 
when focusing on low force values from zero to 45 mN, the dependence is linear and 
the obtained curve fits to FHzNff 10 7524)(
−=−  with a coefficient of determination 
R2 = 0.9998, where F is the applied force and fo is the first mode resonance frequency 
without applied force. This linear region is the one used by sensors based on vibrating 
membranes to carry out the measurements. Therefore, these results confirm that the 
simulation reproduces the behaviour of a rectangular vibrating membrane under an in-
plane uniform force.  
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The effect of an out-of-plane force on a four side clamped membrane was then analysed 
using both, a punctual force and a surface force applied on a certain surface of the 
membrane. The former case was simulated using a punctual out-of-plane force, applied 
right on the centre of the membrane, while for the latter case the simulation was carried 
out using a solid cylinder to determine the surface where the out-of-plane force was 
applied (see figure 3) .  
 
The resulting curve shown in Figure 6 shows the results obtained for the punctual force 
simulation. The curve can be split into two different regions. It starts with a quadratic 
dependence of the frequency from zero to 2 mN, turning into a square root dependence 
for higher force values. Figure 7 (a) shows the quadratic behaviour, fitting the curve to a 
polynomial of the shape 2280 102.1)( FHzNff
−⋅=− , with R2 = 0.999,  while Figure 7 
(b) shows the square root dependence which fits, with R2 = 0.9997, to 
FHzNHzff 2/140 1013.73000)(
−⋅+−=− . It means that the membrane, under an out-
of-plane force, behaves as a membrane stressed by means of an in-plane force, from a 
certain force value. 
 
The fact that the membrane has a solid cylinder on its surface makes all the points in 
contact with the solid surface vibrate in a coplanar way. Since the constant force will be 
applied only on the solid surface, it means that when the solid surface increases, the 
vibrating free-surface of the membrane decreases. Thus, the different geometries of the 
membrane are related with the vibrating free-surface of the membrane. Since this fact 
should affect the behaviour of the resonance frequency, a vibrating membrane with 
solid cylinders of different volumes was simulated. First a membrane with a solid 
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cylinder of 3 mm diameter and 1.5 mm height, fixed and centred on its surface was 
simulated under an out-of-plane force. The solid cylinder dimensions were chosen in 
order to compare the results with some experimental measurements of the frequency 
dependence on the out-of-plane force reported elsewhere [4]. The curve obtained from 
the simulations shows the same behaviour as the one shown in Figure 7 from the 
punctual out-of-plane force effect, but in this case the quadratic dependence has a wider 
force range [0-8] mN, turning from this last force value to a square root dependence. To 
complete the study, some simulations were performed with a solid cylinder of 1.5 mm 
diameter and 0.75 mm height. Figure 8 shows the three simulated curves obtained and 
table 3 shows the coefficient values of the quadratic fits (α), and the quadratic range in 
every case. Figure 8 (a) shows how the rate of change of the frequency depends on the 
solid cylinder diameter, and therefore on the membrane vibrating free-surface. It shows 
up the fact that the larger the diameter, the lower the frequency rate of change, that is, 
the smaller the quadratic coefficient as is shown in table 3. However, from Figure 8 (b) 
it can be seen how, as the diameter increases, the range where the quadratic dependence 
of the frequency is found, increases. From the Table 3 it can be seen that the punctual 
force and the solid cylinder with d=1.5 mm present similar quadratic ranges, increasing 
slightly from one to another. When the diameter is close to the membrane frame, the 
free vibrating surface decreases considerably (1 mm is the minimum distance from the 
frame of the membrane to the edge of the 3mm diameter solid) and the increment of the 
quadratic range is much more marked. A higher magnet diameter means more surface of 
the membrane under the effect of the applied force and therefore, less free vibrating 
surface. The larger the surface of the membrane in contact with the magnet, the higher 
the quadratic range, but the lower the variation of the frequency in the same force range.  
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The deformation of the membrane as a function of the applied force was simulated for 
the three different geometries. All the cases report a linear dependence of the 
deformation from zero to a certain force value, which changes for every geometry.  
From this force value the non-linear geometric phenomenon start to appear for the 
membrane deformation. The linear range for the deformation fits exactly with the 
quadratic range for the frequency dependence. That is, when the relation deformation-
force is linear, the frequency dependence shows a quadratic response as a function on 
the force, and starts to behave as a membrane stressed by means of an in-plane force 
when the non-linear geometric phenomenon appears.  
 
Therefore, the linear range of the deformation increases when increasing the surface of 
the solid. The more the coplanar vibrating-points of the membrane, the higher the linear 
range of the deformation and the higher as well the quadratic range of the frequency 
dependence.  
 
To complete this study the simulated results were compared with the experimental 
results obtained using a gradiometer based on a vibrating membrane with a fixed 
magnet centred on its surface [4]. In this device, as it was explained above in the 
introduction section, an out-of-plane force is applied, giving raise to a change in the 
resonance frequency. The graph shown in Figure 9 is plotted in force terms (magnetic 
force), taking into account the relation between the value of the magnetic force and the 
value of the magnetic field gradient : 






∂
∂= z
BmF zzz                                                                                                             (2) 
where Fz is the out-of-plane force, mz the out-of-plane component of the magnetic 
moment of the magnet (which is known to be oriented along the out-of-plane direction 
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and whose value is 6.75 10-3 Am2) and  (∂Bz/∂z) the  Bz-gradient along the out-of-plane 
direction. In order to compare the dependence on the out-of-plane force applied on the 
solid cylinder or the magnet surface, both experimental and simulated curves have been 
plotted in the same graph. The simulated curve, as it has been explained before is the 
result of simulating the vibration of the Si (100) membrane, using the clamped 
boundary conditions, with a fixed SmCo magnet centred on its surface, under an applied 
out-of-plane force (negative in the gravity direction). The simulation does not take into 
account the magnet weight in order to reduce the computation time. Therefore the 
simulation results shown in Figure 9 are shifted introducing this value to make easier 
the comparison. Not the complete device but only the membrane with the solid cylinder 
was simulated. The frequency resonance is shown as the difference between the 
measured or simulated frequency for every force value and the minimum value of 
frequency obtained respectively. It can be seen the good agreement between them, 
confirming the validity of the experimental results. The experimental curve shows a 
pure quadratic behaviour in the force range of [0-7] mN.  Taking into account the fact 
that the simulations report a quadratic behaviour in the force range of [0-8] mN, the 
pure quadratic behaviour measured experimentally now can be understood. 
Focusing on the gradiometer response, if the frequency dependence on the total applied 
force is quadratic: 
( ) 20 Fff ⋅=− α                             (3)         
then, the sensitivity can be expressed: 
( ) ( )extg FFF
ff
+⋅=
∆
−∆
α20                                      (4) 
being α the quadratic coefficient shown in table 3, and taking into account that the total 
force is the sum of the weight or the gravity force (Fg) and the external force applied on 
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the system (Fext). From these results it is clear that the weight of the magnet improves 
the sensitivity of the system shifting the curve to higher slopes.  
On the other hand, to understand the effect of the volume of the magnet used on the 
gradiometer sensitivity, it is interesting to plot the calculated frequency dependence for 
the two solid cylinder used, as a function of the magnetic field gradient, considering the 
magnetic moment of every solid cylinder depending on its volume. If we assume the 
solid cylinders are SmCo magnets with a magnetization value of  M = 0.8 T, the 
magnetic moment is easily calculated knowing the volume of the magnet. The 
calculated frequency dependence on the magnetic field gradient for the two different 
solid cylinders as SmCo magnets is shown in Figure 10.  
 
If we focus in the results of Figure 8 where the frequency dependence is expressed as a 
function of the applied out-of plane force, being the force the same for the two solid 
cylinders, it can be seen that a magnet with the less possible diameter value would be 
desirable, since a reduction of this parameter means a larger slope in the resulting curve 
and therefore, more sensitivity. Since the magnetic field gradient depends on the 
magnetic moment of the magnet used for the sensor head of the gradiometer and as it 
can be seen from Figure 10, the magnet with the larger volume gives raise to a higher 
sensitivity in spite of the decreasing of the membrane free-vibrating surface. 
 
As it has been explained, the frequency dependence shows two regions where the 
measurements can be carried out. The first region (for low forces), is the quadratic one 
which presents a higher sensitivity detection zone. Nevertheless, there is another region 
which shows a square root dependence and therefore is a lower sensitivity detection 
zone, but it is a region which allows the measurements for higher force ranges. 
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Therefore, the magnet used for the sensor head of the gradiometer should be as large 
and heaviest as possible. This fact will be taken into account in future experiments. 
Taking into account the punctual force results, a magnet with the least diameter value 
but with the largest magnetic moment, that is, with the largest height without creating 
additional stresses due to a tilt of the magnet while vibrating, is the best option. Some 
micromagnets are currently being developed for this purpose, since the commercial 
magnets do not present the desirable dimensions. 
  
CONCLUSIONS. 
 
Since a lot of devices base its detection in the vibration of a silicon membrane, the 
understanding of the effect of the out-of-plane forces is important to improve and 
optimize the response signal of these devices. In this work it has been proved that when 
a membrane is stressed by means of an out-of-plane force, the dependence of the 
frequency becomes quadratic from zero to a certain value of the force turning to a 
square root dependence as in the in-plane force case. This value of the force, from 
which the dependence changes, depend on the free vibrating surface of the membrane 
and is higher when the free vibrating surface decreases. The rate of change of the 
resonance frequency depends as well on the free vibrating surface, being higher when it 
increases. The linear range of the membrane deformation is directly related with the 
vibrating free-surface of the membrane, fitting exactly with the quadratic range of the 
frequency. The more the coplanar vibrating points the membrane contains, the higher 
both ranges are. The experimental results showing a quadratic behaviour have been 
demonstrated to be consistent with the theory by means of simulations.  
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TABLE CAPTIONS 
 
Table 1. Mechanical properties of silicon membranes and the solid cylinders used in the 
simulations. 
 
Table 2. Simulated membrane geometries. 
 
Table 3. Coefficient values of the quadratic fits and quadratic range for the three 
different solid cylinder diameters. 
 
 
FIGURE CAPTIONS 
 
Figure 1. Photographic detail and (inset) schematic view of the experimental set-up. 
Figure 2. Scheme of the vibration of the membrane with the magnet fixed on it. (a) 
Without vibrating. (b)  Vibrating because of the ac magnetic field created by the 
excitation coils. (c) Effect of an external magnetic force.  
Figure 3. First mode of vibration of the square simulated membranes. Bare (left) and 
with a fixed solid cylinder (right), centred on its surface.  
Figure 4. Square membrane put down a uniform in-plane force.  
Figure 5. Simulation (dots) and mathematical fit (line) of the membrane put down an in-
plane force. (a) square root dependence and (b) linear dependence. fo = 4741 Hz. 
Figure 6. Simulation of an out-of-plane punctual force applied on the centre of the 
membrane. fo = 8693 Hz. 
Figure 7. Simulation of an out-of-plane punctual force applied on the centre of the 
membrane. Simulation (dots) and mathematical fit (line). (a) quadratic dependence and 
(b) square root dependence. 
Figure 8. Comparison of the simulations of a punctual force (black circles. fo = 8693 
Hz.), force applied on a solid cylinder of 1.5 mm diameter and 0.75 mm height (white 
circles. fo = 1637 Hz.) and 3 mm diameter and 1.5 mm height (triangles. fo = 1313 Hz.). 
(a) Comparison in the range [0-25] mN and (b) Comparison in the range [0-16] mN. 
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Figure 9. Experimental (triangles) and simulated results (circles) of the membrane with 
a magnet of 3 mm diameter centred on its surface. fmin is the minimum frequency in 
every case, measured and simulated. Fext is the applied magnetic force. The sensor head 
of the device (a membrane with a magnet fixed on its surface) is shown in the graph 
(down right). The sensor head is fixed to a holder. 
Figure 10. Simulated frequency dependence on an out-of -plane magnetic field gradient 
applied on a SmCo magnet of 1.5 mm diameter and 0.75 mm height (white circles) and 
3 mm diameter and 1.5 mm height (triangles). 
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Ex 
(Pa) 
Ey 
(Pa) 
Ez 
(Pa) 
νxy νxz νyz ρ 
(Kg/m3) 
Silicon 1.69 1011 1.69 1011 1.30 1011 0.0623 0.2784 0.2784 2.33 103 
Solid cylinder 1.50 1011 1.50 1011 1.50 1011 0.3 0.3 0.3 7.61 103 
 
Table 1. 
 
 
Punctual  
force 
Solid cylinder 
d = 1.5 mm 
 h = 0.75 mm 
Solid cylinder 
d = 3 mm 
h = 1.5mm  
 
 
 
 
 
 
 
 
 
Table 2. 
 
 
 Punctual  
force 
Solid cylinder 
d = 1.5 mm 
Solid cylinder 
d = 3 mm 
Quadratic range (mN) [0,2] [0,3] [0,8] 
α  (Hz/N2) 1.2 108 1.6 106 6.1 105 
 
Table 3. 
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